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Abstract
· AIM: To characterize the human retinal vessel
arborisation in normal and amblyopic eyes using
multifractal geometry and lacunarity parameters.

·METHODS: Multifractal analysis using a box counting
algorithm was carried out for a set of 12 segmented and
skeletonized human retinal images, corresponding to
both normal (6 images) and amblyopia states of the
retina (6 images).

· RESULTS: It was found that the microvascular
geometry of the human retina network represents
geometrical multifractals, characterized through subsets
of regions having different scaling properties that are not
evident in the fractal analysis. Multifractal analysis of the
amblyopia images (segmented and skeletonized versions)
show a higher average of the generalized dimensions
( ) for =0, 1, 2 indicating a higher degree of the tree-
dimensional complexity associated with the human
retinal microvasculature network whereas images of
healthy subjects show a lower value of generalized
dimensions indicating normal complexity of biostructure.
On the other hand, the lacunarity analysis of the
amblyopia images (segmented and skeletonized versions)
show a lower average of the lacunarity parameter than
the corresponding values for normal images (segmented
and skeletonized versions).

·CONCLUSION: The multifractal and lacunarity analysis
may be used as a non -invasive predictive
complementary tool to distinguish amblyopic subjects
from healthy subjects and hence this technique could be
used for an early diagnosis of patients with amblyopia.

·KEYWORDS: retina; retinal vessels; amblyopia; strabismus;
multifractals; lacunarity
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INTRODUCTION

A mblyopia, often referred to by the public as "lazy eye",
is a common developmental disorder of vision affecting

approximately 1% -3% of the general population being the
leading cause of decreased vision among children.
Amblyopia is caused by abnormal visual stimulation during
visual development, resulting in abnormalities in the visual
centers of the brain. Functional amblyopia only develops in
children between birth and 6-8y, although it may persist for
life once established[1].
Amblyopia is clinically defined as decreased visual acuity in
an otherwise healthy and properly corrected eye (acuities
most frequently range from 20/30 to 20/60). Reduced visual
acuity in the affected eye usually coexists with normal acuity
in the patient's other eye[2].
In amblyopia there are two major etiologies: 1) unequal
interocular refractive error or 2) a deviated eye. If the early
impairment is unbalanced refractive error, the amblyopia is
termed anisometropic, whereas amblyopia secondary to
ocular deviation is termed strabismic. In some cases, both
anisometropia and strabismus can be present concurrently[2].
The relationship between strabismus, anisometropia, and
amblyopia is complex, and the conditions associated with
amblyopia in adulthood may not be the ones that were
important in creating amblyopia [3]. Amblyopia might be
multifactorial, but it could also be a simpler abnormality that
varies in severity but not in kind[3].
Classification of amblyopia is based on clinical conditions
responsible for its development and can be used as a practical
method to identify its etiology and apply a better
management strategies.
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The space-filling properties of complex branching biological
structures can be characterized using morphological,
topological and geometrical continuous-space concepts[4].
The three-dimensional human retinal microvascular network,
as a complex structure, can be observed directly and
non-invasively in its natural living state using a retinal
camera[5-9].
To describe the morphology of human retinal vessel networks
in fundus eye images, different methods are used in modern
ophthalmology based on the measurement of tortuosity [10,11],
width [10], branching angle [10], branching coefficient [10], fractal
dimension[9-11] and of multifractal spectra[11,12].
Retinal microvascular abnormalities have been associated
with vascular and non-vascular pathology as: diabetic
macular edema [12]; dementia, cognitive functioning, and brain
imaging abnormalities, including atrophy and vascular
lesions [13]; diabetes and retinopathy[14]; chronic kidney disease
and microalbuminuria[15]; and coronary artery diseases[16].
The human retinal vascular network has a branching pattern
and it is considered to be a fractal structure at low resolution,
in a "scaling window" which normally ranges in two to three
orders of magnitude [11,17].
Images representing morphologically complex structures of
the retinal vessel branching can be characterised by means of
the fractal geometry[18-22].
The fractal dimension of retinal vascular network
quantifies the global measure of complexity of the vascular
branching pattern [9,20]. Because the 3-dimensional retinal
microvascular network structure is a geometric projection
into a digital retinal image from the 2-dimensional space, its
fractal dimension should be greater than 1 but less than 2.
In various fractal analysis studies, the average values of the
estimated fractal dimensions that characterise the branching
pattern of normal human retinal vessels were approximately
1.7 [9,18,19,21]. Generally, arterioles have a lower fractal
dimension than venules [23]. However, in all of these studies
for digital retinal images different methods of calculation of
the fractal dimension have been used under various
experimental conditions, different digital fundus cameras,
different fields of view, using red-free fundus photographs, as
well as fluorescein angiograms[9,18-22,24-26].
Some investigators observed a significant decrease in the
fractal dimensions of human retinal vascular network with
aging, consistent with observations from other human organ
systems [20]. In different studies, investigators have found
various values of the fractal dimensions associated with the
retinal pathological status[24-26].
In various fractal analysis studies [9,12,22,26], investigators have
applied the lacunarity analysis as a complementary multiscale
method to characterize the branching pattern of retinal vessel
networks that are inherent in high resolution retinal imagery
and to specify an optimal spatial extent for spatial image
information extraction. Its capability to detect multiple

pattern scales and to discriminate between different types of
heterogeneity was helpful in high resolution retinal
imagery [9,12,22,26]. On the other hand, this method allows readily
interpretable graphic representations and can be easily
implemented[9,12,22].
Another method to characterize the branching pattern of
retinal vessel networks is the multifractal approach that
requires an infinite number of indices to characterize their
scaling properties[9,12,26-28].
Multifractal analysis, as a useful tool for the study of
non-uniform distributions, reveals more information about
geometrical features and spatial distribution (a description
over the retinal regions both locally and globally) and is far
more sensitive in detecting small changes of the retinal
microvasculature than the fractal analysis (a globally
description over the retinal regions)[12, 26, 27].
In a recent study [27] using a multifractal methodology, the
generalized fractal dimensions with average 依standard
deviation ( for =0, =1 and =2; where is a real
parameter that indicates the order of the moment of the
measure) were estimated for normal retinal blood vessels
using the box-counting method with next values: the capacity
(or box-counting) dimension, =1.6968 依0.0014; the
information (Shannon entropy) dimension, =1.6246 依
0.0011 and the correlation dimension, =1.5921 依0.0008.
All generalized fractal dimensions being different and
satisfying the relation: > > [27].
However, researchers have not reached a general consensus
concerning the correlations between generalized fractal
dimensions and pathological retinal diseases[12,26,28].
Despite recent studies in describing the organizational
complexity and interactivity of the retinal microvasculature
network, much remains to be learned.
The fractal and multifractal analysis of human retinal
vascular network depends on the fractal methods, including
the algorithm and specific calculation used [21,29-32].
Different investigators have established that the fractal
dimensions of fundus eye images corresponding to the
strabismus states of the retina have higher average values in
comparison with the corresponding values of the normal
cases[22,24].
To our knowledge, this is the first multifractal analysis study
of retinal microvascular network in amblyopic eyes in the
available ophthalmologic literature.
SUBJECTS AND METHODS
Multifractal Analysis The multifractal theory concepts with
the entire multifractal algorithm applied in this study (based
on a practical method defined by Chhabra and Jensen [33]) has
been previously described in detail by T觍lu[11].
For a profile's binary image defined by a number of pixels,
and covered by individual boxes, the probability ( ) of
finding them in a given box, which constitutes the measure of
the analyzed set, is given by next formula[34].
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(1)
where: -box size in the given scale; -number of pixels in
one box in the given scale , --total number of pixels in all
boxes in the given scale High values of the selective
parameter enhance cells with relatively high values for ;
while low values of favor cells with relatively low values
of [34].
In this study, by applying the multifractal analysis methods
are determined the functional dependences versus and

versus ; where the plot is called a multifractal
spectrum, which presents the whole spectrum of fractal
dimensions and represents H觟lder exponents of the

th order moment. For =依肄, 琢min= and 琢max= . The
singularity spectrum quantitatively describes the
relationship of the singularity strength 琢 and Hausdorff
dimension with the multifractal measure[35]. Also, the plots of

versus and of versus provide additional
equivalent descriptions in multifractal analysis. The plot
(the mass correlation exponent of the th order) also could
be considered as a characteristic function of the multifractal
behavior[36].
Lacunarity Analysis Lacunarity as a complementary
multiscale method to interpret the scale-dependent measure
of the heterogeneity or texture of the fractal object, can
distinguish between fractal objects with the same fractal
dimension[29,37].
The lacunarity concept [29,37] and lacunarity estimation method
applied in this study (based on a mathematical algorithm
implemented in the FracLac V 2.5[38] for ImageJ software) has
been previously described in detail by T觍lu[12].
Lacunarity explicitly characterize the spatial organization of
an image, and its composing sub-units and can be used with
both binary and quantitative data in one, two, and three
dimensions [22,39]. Lacunarity measures the distribution of gap
sizes: low lacunarity geometric objects are homogeneous
because all gap sizes are the same, whereas high lacunarity
objects are heterogeneous [39]. High lacunarity values are
associated with the presence of large gaps or holes; while a
fractal that is translationally invariant has characteristically
low lacunarity[39].
In this study, lacunarity ( ) was determined as the variation
in pixel density for an image, computed from scans at
different box sizes and different grid orientations [38,39]. The
mean (or ) was expressed as[38]:

(2)

where: is the standard deviation of the number of pixels
that were in a box of size; is the mean for pixels per box at
this size, is in a box count at this orientation, and is
the number of box sizes.
Segmentation Method The choice of vessel segmentation
method is based on the diagnostic application, morphologic

parameters to be evaluated, accuracy requirement, and
tolerance to imaging defects[10]. In our study, the segmentation
of retinal vessels images was made using an automatic
unsupervised method [40-42]. The unsupervised segmentation
method with the entire multifractal algorithm applied in this
study has been previously described in detail by Lupa鬤cu

[40-42]. Finally, a post-processing fills pixel gaps in
detected blood vessels and removes falsely-detected isolated
vessel pixels.
Multifractal and Lacunarity Analysis The clinical
protocol was reviewed and approved by the local Ethics
Committee of the "Iuliu Hatieganu" University of Medicine
and Pharmacy, Cluj-Napoca, Romania and was adhered to
the tenets of the Declaration of Helsinki for research in
human subjects. The written informed consent was obtained
from the child's parents.
A set of 12 human digital retinal images, corresponding to
both normal (6 images) and amblyopia states of the retina (6
images), from amblyopic children treated in the
Ophthalmological Clinic in Cluj-Napoca, Romania, between
January 2012 and December 2013, was selected for analysis.
Six patients (50%) were female and six (50%) male. Each
subject underwent a full ophthalmic examination. The control
group have the same examinations with the pathological
group. The inclusion criteria of the healthy controls included
the following: 1) no symptoms or signs of amblyopia; 2) no
amblyopia history; 3) no amblyopia family history; 4) no
ocular disease.
The slides were captured by a fundus camera at 45° field of
view (VISUCAMLite Zeiss; Carl Zeiss Meditec AG 07740
Jena 2008, Germany).
The segmented version of retinal vessel structure contains the
vessel silhouettes automatically extracted from the fundus
photographs. The binary skeletal structure of retinal vessel
structure was obtained with one single pixel in width, but
without any change in relative location and configuration of
each element. This procedure was applied for all analyzed
structures. All the skeletonised images were obtained with
the ImageJ skeletonising algorithm[43].
Images of a normal and pathological state retinal vessel
structure are shown in Figures 1, 2.
Multifractal and lacunarity analysis was performed in two
cases: 1) on the segmented images (seg.); 2) on the
skeletonized (skl.) version.
Multifractal analyses were computed applying the standard
box-counting algorithm to the digitized data, using the ImageJ
software 1.48g[43] together with the FracLac plug-in V 2.5[38].
The algorithm for multifractal analysis was applied with the
following options: 1) grid positions: 10; 2) calculating of grid
calibers: scaled series; 3) multifractal data processing:
standard; 4) optimizing option: show optimal sample only; 5)
sampling method: full scan. An optimal interval of box sizes
was applied for the multifractal analysis: 10 pixels (the
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Figure 1 Image of a normal state retinal vessel network, right eye A: The color image version; B: The segmented version; C: The
skeletonized version. The retinal vessels coming from the optic nerve have a normal branching pattern. The fundus has no sign of disease or
pathology.

Figure 2 Image of an amblyopia state retinal vessel network, left eye A: The color image version; B: The segmented version; C: The
skeletonized version. The retinal vessels coming from the optic nerve have a more complex branching pattern.

minimum box size) and 60% from region of interest (the
maximum box size).
Even if theoretically should range from -肄 to +肄 to get a
complete multifractal spectrum, the spectrum was
computed in the range -10臆 臆10 for successive 0.25 steps
(to show in detail the multifractal characteristic of the
image), with special interest in values of close to 0 and 2.
The algorithm for lacunarity analysis was applied using 5 to
20 pixel size boxes for each of four grid position on region of
interest (ROI).
Statistical Analysis Microsoft Office Excel 2010 (Microsoft
Corporation, Redmond, Washington, USA) statistical
functions were used to determine (average 依standard
deviation) of the generalized fractal dimensions ( ) and
lacunarity parameters obtained with ImageJ software. All
statistical calculations and analyses were done using
GraphPad Instat (ver. 5.00, GraphPad Software) [44]. A
Kruskal -Wallis non-parametric test for small samples was
used. It was found that multifractal dimensions and lacunarity
parameters of the vascular trees followed a normal

distribution. Differences with a value of 0.05 or less were
considered statistically significant. The average results were
expressed as mean value and standard deviation.
RESULTS
Results of Multifractal and Lacunarity Analysis A
summary of the obtained results is presented in the Table 1.
The results for normal (N) status are: 1) in segmented variant:

=1.6926依0.0133; =1.6266依0.0130; =1.6016依0.0132;
=0.6766依0.1136; 2) in skeletonized variant: =1.6689依

0.0121; =1.6249依0.0120; =1.6002依0.0126; =0.5820依
0.0928. The results for pathological (P) status are: 1) in
segmented variant: =1.7226依0.0131; =1.6747依0.0134;

=1.6537依0.0132; =0.5069依0.0659; 2) in skeletonized
variant: =1.6969依0.0123; =1.6736依0.0126; =1.6585依
0.0125; =0.4348依0.0319.
The plots of geometrical representations obtained by
multifractal analysis for normal retinal image (Figure 1B) and
pathological retinal image (Figure 2B) analyzed with the
ImageJ software are shown in Figures 3-6 and Figures 7-10,
respectively.

Table 1 The generalized dimensions (Dq) for q=0, 1, 2, and lacunarity parameter Λ with average±standard deviation, of 12 
analyzed images, for normal and pathological status, in segmented and skeletonized variants 

Status Type D0 D1 D2 Λ 
Seg. 1.6926±0.0133 1.6266±0.0130 1.6016±0.0132 0.6766±0.1136 

Normal (N) 
Skl. 1.6689±0.0121 1.6249±0.0120 1.6002±0.0126 0.5820±0.0928 
Seg. 1.7226±0.0131 1.6747±0.0134 1.6537±0.0132 0.5069±0.0659 

Pathological (P) 
Skl. 1.6969±0.0123 1.6736±0.0126 1.6585±0.0125 0.4348±0.0319 

D0: The capacity (or box-counting) dimension; D1: The information (Shannon entropy) dimension; D2 : The correlation dimension. 
Statistically significant difference for all values, P<0.05. 
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In Figure 3, the curve versus for image (Figure 1B,
segmented variant) has a maximum value of 2.3179 in =
-7.75, then it has a decrease (from 2.3179 to 1.5586) for an
increase of (from -7.75 to 9.75). In Figure 4, the
curve versus for image (Figure 1B, segmented variant) has
a maximum value of 1.6926 in =1.7971 (corresponding to

=0). In Figure 5, the curve versus for image
(Figure 1B, segmented variant) rapidly increases (from =
-4.25 to =0) to a maximum value of 1.6926 (for =0),
then slowly decreases and tends to 1.2 for =9.5. In Figure
6, the curve versus for image (Figure 1B, segmented
variant) slowly decreases from 2.5027 (for =-7.75) and
tends to 1.5208 (for =9.75).
In Figure 7, the curve versus for image (Figure 2B,
segmented variant) has a maximum value of 2.4091 in =
-7.75, then it has a decrease (from 2.4091 to 1.5879) for an
increase of (from -7.75 to 9.5). In Figure 8, the curve
versus for image (Figure 2b, segmented variant) has a
maximum value of 1.7226 in =1.8096(corresponding to =0).
In Figure 9, the curve versus for image (Figure 2B,
segmented variant) rapidly increases (from =-6.25 to =0)
to a maximum value of 1.7226 (for =0), then linear
decreases and tends to 1.1695 for =9.5. In Figure 10, the

curve versus for image (Figure 2B, segmented variant)
slowly decreases from 2.5783 (for =-7.75) and tends to
1.5439 (for =9.5).
Additionally, it can be noted that the multifractal spectra

and are interrelated and their shape provides

equivalent descriptions for retinal vascular network
geometry, both characterizing the interwoven ensemble of
fractal dimensions (Figures 4, 8).
DISCUSSION
The retinal diseases modify the human retinal microvascular
network. The complex three-dimensional multifractal
structure development of human retinal vessel arborisation is
a nonuniform fractal which unlike a uniform fractal exhibits
local density fluctuations and can be estimated using the
multifractal geometry. The multifractal spectrum (associated
with the geometrical features and spatial distribution of
branching pattern of retinal vessel networks) describes the
quality and quantity of irregularities in the data. On the other
hand, the geometrical multifractality of the human retinal
microvascular network is reflected in the non-uniformity of
the distribution.
The ( ) values for =0, 1, 2, obtained for normal (N) and
pathological (P) status, in segmented and skeletonized

Figure 3 The spectrum versus for image (Figure 1B,
segmented variant). =1.6926; =1.6266; =1.6016.

Figure 4 The spectrum versus for image (Figure 1B,
segmented variant). The left branch of the spectrum
corresponds to large values, while the right branch of the
spectrum corresponds to small values.

Figure 5 Plot of versus for image (Figure 1B,
segmented variant).

Figure 6 Plot of versus for image (Figure 1B,
segmented variant).

Figure 7 The spectrum versus for image (Figure 2B,
segmented variant). =1.7226; =1.6747; =1.6537.
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variants, are different and satisfy the inequality: > > ,
where provides global (or average) information about the
structure, quantifies the degree of disorder present in the
distribution, and measures the mean distribution density
of the statistical measure. The multifractal structure of the
retinal microvascular network was validated by the
statistically significant difference between , and .. It
can be noted, for normal (N) status, the values of generalized
dimensions ( ) for =0, 1, 2 and the lacunarity parameter

are higher in segmented version than in skeletonized
version. In pathological (P) status, the values of generalized
dimensions ( ) for =0, 1 and the lacunarity parameter
are higher in segmented version than in skeletonized version.
The graphs (Figures 3, 7) revealed non-linear behaviour of
the spectrum versus The spectrum at the left
and right of the maximum corresponds to >0 and <0,

respectively. For defined in [ , ], the curve is a
smooth, single-humped, concave function, with >0. For
the graphs (Figures 4, 8) the maximum fractal dimension

= and the right shoulder of the curve is much
longer than the left shoulder, that denotes an asymmetry of
the spectrum shape. It can also be noted that for =1,
the ( ) curve is tangent to the curve = The coefficients
of correlation ( 2) of all linear fits were equal to or greater
than 0.9925 representing a good linear correlation.
The quantitative measurement of the degree of multifractality
is highlighted in the width of the curve (the difference

= - ) and in the range of the ( ) values: for a
larger and a wider range, the non-uniformity of
distribution is greater.
The deviation of the retinal microvascular network from
translational or rotational invariance in digital retinal images
was estimated using the lacunarity parameter .
Multifractal analysis of the amblyopia images (segmented
and skeletonized versions) show a higher average of the
generalized dimensions ( ) for =0, 1, 2 indicating a
higher degree of the tree-dimensional complexity associated
with the human retinal microvasculature network whereas
images of healthy subjects show a lower value of generalized
dimensions indicating normal complexity of biostructure. On
the other hand, the lacunarity analysis of the amblyopia
images (segmented and skeletonized versions) show a lower
average of the lacunarity parameter than the corresponding
values for normal images (segmented and skeletonized
versions).
Taking into consideration the generalized dimensions ( )
for =0, 1, 2, and lacunarity parameter it can be noted that
these ones may be markers of changes in retinal vascular
architecture.
The simplicity and fast implementation, make the multifractal
and lacunarity analysis of human retinal blood vessels a
suitable tool for being integrated into a complete
prescreening system for early diagnosis of patients with
amblyopia. Theoretical understanding of the three-
dimensional human retinal microvascular network, combined
with the development of computational algorithms for
computer-aided modelling and multifractal analysis allows
new avenues to improve the investigations and clinical
interpretations. The proposed methods may offer clear
advantages and have the potential to complement the
interpretation of the ophthalmologists and supply a
computer-aided diagnosis system.
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